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1 Introduction
The modern developments in the physically and mathematically rich subject of topological
eld theories (TFTs) have encompassed in their ever widening horizons a host of diverse
and distinct areas of research in theoretical physics and mathematics. In this context,
mention can be made of such interesting topics as Chern-Simon theories, topological string
theories and matrix models, 2D topological gravity, Morse theory, Donaldson and Jones
polynomials, etc. (see, e.g., Ref. [1] and references therein for details). Without going
into the subtleties and intricacies, TFTs can be classied into two types. The Witten type
TFTs [2] are the ones where the Lagrangian density turns out to be the Becchi-Rouet-
Stora-Tyutin (BRST) (anti-)commutator. The conserved and nilpotent BRST charge for
such TFTs generates a symmetry that is a combination of a topological shift symmetry and
some type of local gauge symmetries. On the other hand, the Schwarz type of TFTs [3] are
characterized by the existence of a conserved and nilpotent BRST charge that generates
only some local gauge type of symmetries for a Lagrangian density that cannot be totally
expressed as a BRST (anti-)commutator (see, e.g., Ref. [1] for details). For both types of
TFT, there are no energy excitations in the physical sector of the theory because of the
fact that energy-momentum tensor turns out to be a BRST (anti-)commutator and all the
physical states (including the vacuum) of this theory are supposed to be BRST invariant
(w.r.t. the conserved, nilpotent, metric independent and hermitian BRST charge).
Recently, in a set of papers [4-7], the free 2D Abelian- and self-interacting non-Abelian
gauge theories (without any kind of interaction with matter elds) have been shown to be-
long to a new class of TFTs because the Lagrangian density of the theory turns out to bear
an appearance similar to the Witten type theories but the local symmetries of the theory
are that of Schwarz type. Furthermore, these non-interacting as well as self-interacting 2D
theories [4-7], interacting 2D Abelian gauge theory (where there is an interaction between
Dirac elds and 2D photon) [8,9] and (3+1)-dimensional (4D) free Abelian two-form gauge
theory [10] have been shown to provide a set of tractable eld theoretical models for the
Hodge theory in the Lagrangian formulation where the local, covariant and continuous
symmetries and corresponding conserved charges (as generators) have been identied with
all the three de Rham cohomology operators of dierential geometry y. The geometrical
interpretation for these charges as the translation generators along some specic directions
of the four (2 + 2)-dimensional supermanifold has also been established [15-17] for the 2D
free- and self-interacting (non-)Abelian gauge theories in the supereld formulation. In a
recent work [18], some of the key features of the topological nature of 2D free Abelian gauge
theory have been captured in the supereld formulation [19-23] and their geometrical inter-
pretation has been provided. One of the central themes of our present paper is to extend
our work on free 2D Abelian gauge theory [18] to the self-interacting 2D non-Abelian gauge
†On a compact manifold without a boundary, the set of operators (d, δ, ) (with d = dxµ∂µ, δ =
d,  = dδ + δd) dene the de Rham cohomological properties of the dierential forms. They are called
the exterior derivative, co-exterior derivative and Laplacian operators respectively and obey: d2 = δ2 =
0, [, d] = [, δ] = 0,  = fd, δg = (d + δ)2. Here  stands for the Hodge duality operation [11-14].
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theory and provide the geometrical interpretation for some key topological properties as-
sociated with this theory in the framework of (geometrical) supereld formulation [19-23].
We obtain the on-shell nilpotent version of BRST- and co-BRST symmetries by exploiting
the generalized versions of horizontality condition z w.r.t. super cohomological operators
~d (together with the Maurer-Cartan equation) and ~δ. The o-shell version of these sym-
metries have been obtained in Ref. [17] where the ideas of Refs. [20-22] on (anti-)BRST
symmetries have been expanded and new (anti-)co-BRST symmetries have been derived.
We concentrate only on the on-shell version of nilpotent BRST- and co-BRST symmetries
(avoiding any discussion about anti-BRST- and anti-co-BRST symmetries) because the
on-shell version of these symmetries and corresponding generators are good enough to shed
some light on the topological nature of the 2D self-interacting non-Abelian gauge theory.
In the framework of supereld formulation, the choice of the superelds of the theory to
be chiral helps in deducing the on-shell version of the BRST- and co-BRST symmetries
when we exploit the generalized versions of horizontality condition. In fact, the topological
nature of the theory in the supereld formalism, is encoded in the form of the Lagrangian
density and the symmetric energy-momentum tensor which can be thought of as the trans-
lation of some local (but composite) chiral superelds along one of the two Grassmannian
directions of the (2 + 2)-dimensional supermanifold. This translation is generated by the
on-shell nilpotent BRST- and co-BRST charges which turn out to geometrically correspond
to the translation generators on the compact four (2 + 2)-dimensional supermanifold.
The contents of our present paper are organized as follows. In Sec. 2, we set up the no-
tations and briefly recapitulate the bare essentials of the BRST- and co-BRST symmetries
for the 2D self-interacting non-Abelian gauge theory in the Lagrangian formulation. Sec-
tions 3 and 4 are devoted to the derivation of the above on-shell nilpotent symmetries in the
framework of supereld formalism. In Sec. 5, we discuss topological aspects and provide
their geometrical interpretation in the language of translations on the (2 + 2)-dimensional
compact supermanifold. Finally, in Sec. 6, we make some concluding remarks and point
out a few directions that can be pursued later.
2 BRST- and co-BRST symmetries: a brief synopsis
Let us begin with the BRST invariant Lagrangian density LB for the self-interacting two
(1 + 1)-dimensional non-Abelian gauge theory in the Feynman gauge [24-27]
LB = −14 F µν  Fµν − 12 (∂µAµ)  (∂ρAρ)− i ∂µ C DµC, 1
2
E  E − 1
2
(∂µA
µ)  (∂ρAρ)− i ∂µ C DµC, (2.1)
where Fµν = ∂µAν−∂νAµ +AµAν is the eld strength tensor derived from the connection
one-form A = dxµAaµT
a (with Aµ = A
a
µT
a as the vector potential) by application of the
Maurer-Cartan equation F = dA + A^A where d = dxµ∂µ is the exterior derivative (with
d2 = 0) and the two-form F = 1
2
(dxµ ^ dxν)F aµνT a. In 2D spacetime x, only the electric
‡This condition is referred to as the \soul-flatness" condition by Nakanishi and Ojima [24].
§We adopt here the conventions and notations such that the 2D flat Minkowski metric is: ηµν = diag
3
(E = EaT a = F01) component of the eld strength tensor Fµν exists. Here T
a form the
compact Lie algebra: [T a, T b] = fabcT c with structure constants fabc which can be chosen
to be totally antisymmetric in a, b, c (see, e.g., Ref. [27] for details). The gauge-xing
term is derived as δA = (∂ρA
ρaT a) where δ = −  d (with δ2 = 0) is the co-exterior
derivative and  is the Hodge duality operation. The (anti-)commuting (Ca Cb + CbCa =
0, (Ca)2 = ( Ca)2 = 0) (anti-)ghost elds ( Ca)Ca are required in the BRST invariant theory
to maintain unitarity and gauge invariance together at any arbitrary order of perturbative
calculations. In fact, these (anti-)ghost elds (which are not matter elds) interact with the
self-interacting non-Abelian gauge elds (Aµ = A
a
µT
a) only in the loop diagrams [28]. The
above Lagrangian density (2.1) respects (sbLB = −∂µ[(∂ρAρ) DµC], sdLB = ∂µ[E  ∂µ C])
the following on-shell (∂µD
µC = Dµ∂
µ C = 0) nilpotent (s2b = 0, s
2
d = 0) BRST (sb)
{ -and
dual(co)-BRST (sd) symmetry transformations [5,6,29]
sbAµ = DµC, sbC = −12C  C, sb C = −i(∂µAµ), sbE = E  C,
sdAµ = −εµν∂ν C, sd C = 0, sdC = −iE, sdE = Dµ∂µ C. (2.2)
The above continuous symmetries, according to Noether’s theorem, lead to the following




ρ)  C − (∂ρAρ) D0C + i2 _C  C  C ],
Qd =
∫
dx [ E  _C −D0E  C − i C  ∂1 C  C ],
(2.3)
which turn out to be the generator for the transformations (2.2). This latter statement can
be succinctly expressed in the mathematical form (for the generic eld Ψ = ΨaT a) as
srΨ = −i [ Ψ, Qr ], Qr = Qb, Qd, (2.4)
where brackets [ , ] stand for the (anti-)commutators for any arbitrary generic eld
Ψ( Aµ, C, C) being (fermionic)bosonic in nature. Left to itself, the Lagrangian density
(2.1) does not respect any anti-BRST- and anti-co-BRST symmetries. These symmetries
can be brought in, however, by modifying (2.1) to incorporate a specic set of auxiliary
elds (see, e.g., Ref. [24-27] for details). It is interesting to note that only the off-shell
nilpotent version of these symmetries exist for the modied Lagrangian density. With the
help of equations (2.3) and (2.4), the Lagrangian density (2.1) can be expressed, modulo
some total derivatives, as the sum of BRST- and co-BRST anti-commutators:
LB = fQd, 12E  Cg − fQb, 12 (∂ρAρ)  Cg  sd [ i2E  C ]− sb [ i2(∂ρAρ)  C ]. (2.5)
(+1,−1) and 2 = ηµν∂µ∂ν = (∂0)2 − (∂1)2, F01 = F 10 = −εµν(∂µAν + 12 Aµ Aν) = E = ∂0A1 − ∂1A0 +
A0 A1, ε01 = ε10 = +1, DµC = ∂µC + Aµ  C, α  β = αaβa, (α β)a = fabcαbβc for non-null vectors α
and β in the group space. Here Greek indices: µ, ν... = 0, 1 correspond to the spacetime directions on the
2D compact manifold and Latin indices: a, b, c.. = 1, 2, 3... stand for the Lie group \colour" values.
¶We follow here the notations and conventions of Ref. [27]. In fact, in its full glory, a nilpotent
(δ2(D)B = 0) (co-)BRST transformation (δ(D)B) is equivalent to the product of an anti-commuting (ηC =
−Cη, η C = − Cη) spacetime independent parameter η and (sd)sb (i.e. δ(D)B = η s(d)b) where s2(d)b = 0.
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The appearance of the above Lagrangian density is that of Witten type TFTs when the
physical states (and vacuum) of the theory are supposed to be annihilated by Qb and Qd.
Such situation does arise if we invoke harmonic state of the Hodge decomposed state to
be the physical state in the total quantum Hilbert space [5-7]. The expression for the
symmetric energy-momentum tensor T (s)µν for the Lagrangian density (2.1) is
T (s)µν = −12(∂ρAρ)  (∂µAν + ∂νAµ)− 12E  (ενρ∂µAρ + εµρ∂νAρ)
− i
2
(∂µ C)  (DνC + ∂νC)− i2(∂ν C)  (DµC + ∂µC)− ηµνLB.
(2.6)
This also turns out, modulo some total derivatives, to be the sum of BRST and co-BRST
anti-commutators as given below [6]








[ ∂µC  ενρAρ + ∂νC  εµρAρ − ηµνE  C ].
(2.7)
The generic form of the topological invariants (Ik and Jk) with respect to the conserved
and on-shell (∂µD
µC = Dµ∂
µ C = 0) nilpotent (Q2b = Q
2
d = 0) BRST (Qb) - and co-BRST







Wk, (k = 0, 1, 2), (2.8)
where Ck are the k-dimensional homology cycles in the 2D manifold and Vk and Wk are
the k-forms w.r.t. Qb and Qd respectively. These forms are [5,6]
V0 = −(∂ρAρ)  C − i2 C  C  C, V1 = [ −(∂ρAρ)  Aµ + i C Dµ C ] dxµ,
V2 = i [ Aµ Dν C − C DµAν ] dxµ ^ dxν , (2.9)
W0 = E  C, W1 = [ C  εµρ∂ρC − i E Aµ ] dxµ,
W2 = i [ εµρ∂
ρC  Aν + 12 C  εµν(∂ρAρ) ] dxµ ^ dxν .
(2.10)
These topological invariants obey certain specic kind of recursion relations [5,6] which
primarily shed some light on the connection between (co-)BRST transformations- and op-
eration of (co-)exterior derivatives on these invariants. Equations (2.5)-(2.10) establish the
topological nature of the above self-interacting 2D non-Abelian gauge theory.
3 On-shell nilpotent BRST symmtery: superfield formulation
To provide the geometrical interpretation for the conserved and on-shell nilpotent BRST
charge Qb (cf. (2.3)) as the translation generator in the framework of the supereld formu-
lation [19-23], we rst generalize the basic generic local elds Ψ = (Aµ(x), C(x), C(x))
of the Lagrangian density (2.1) to a chiral (∂θVs(x, θ, θ) = 0) supervector supereld
Vs = (Bµ(x, θ), (x, θ), (x, θ)) dened on the compact (2 + 2)-dimensional supermanifold
with the following super expansions along the Grassmannian direction θ of the superman-
ifold
(BaµT
a)(x, θ) = (AaµT
a)(x) + θ (RaµT
a)(x),
(aT a)(x, θ) = (CaT a)(x) + i θ (BaT a)(x),
(aT a)(x, θ) = ( CaT a)(x) + i θ (BaT a)(x).
(3.1)
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Some of the salient and relevant points at this juncture are: (i) In general, the (2 + 2)-
dimensional supermanifold is parametrized by the superspace coordinates ZM = (xµ, θ, θ)
where xµ(µ = 0, 1) are the even spacetime coordinates and θ, θ are the odd Grassmannian
variables (θ2 = θ2 = 0, θθ + θθ = 0). However, here we choose only the chiral super-
elds which depend only on the superspace variables ZM = (xµ, θ). (ii) The most general
expansions for the even supereld Bµ and odd superelds  and  are [17,21]
(BaµT
a)(x, θ) = (AaµT
a)(x) + θ (RaµT
a)(x) + θ ( RaµT
a)(x) + i θθ(SaµT
a)(x),
(aT a)(x, θ) = (CaT a)(x) + i θ (BaT a)(x) + i θ ( BaT a)(x) + i θθ(saT a)(x),
(aT a)(x, θ) = ( CaT a)(x) + i θ (BaT a)(x) + i θ ( BaT a)(x) + i θθ (saT a)(x).
(3.2)
The chiral limit (i.e. θ ! 0) of the above expansion have been taken into (3.1). (iii)
The horizontality condition (see, e.g., Refs. [17,21]) on (3.2) leads to the derivation of the
o-shell nilpotent (anti-)BRST symmetries. We shall see later that the same condition on
(3.1) yields on-shell nilpotent BRST symmetries alone. (iv) The auxiliary elds in (3.1)
are the fermionic (odd) elds Rµ and bosonic (even) elds B and B. The corresponding
elds in (3.2) are: Rµ, Rµ, s, s and B, B,B, B, Sµ. (v) In the above expansions (3.1) and
(3.2), all the local elds on the r.h.s are functions of the spacetime variables xµ alone.
Now we invoke the horizontality condition ( ~F = F ) on the super curvature two-form
~F = 1
2
(dZM ^ dZN) ~FMN by exploiting the Maurer-Cartan equation, as given below
~F = ~d ~A + ~A ^ ~A  dA + A ^A = F, (3.3)
where the super one-form connection ~A (in terms of the chiral superelds) and super exterior
derivative ~d (in terms of the chiral superspace variables (xµ, θ)), are dened as
~A = dZM ~AM = dx
µ Bµ(x, θ) + dθ (x, θ),
~d = dZM ∂M = dx
µ ∂µ + dθ ∂θ¯.
(3.4)
The above denitions lead to the following expressions for
~d ~A = (dxµ ^ dxν)(∂µBν) + (dxµ ^ dθ)(∂µ− ∂θ¯Bµ)− (dθ ^ dθ)(∂θ¯),
~A ^ ~A = (dxµ ^ dxν)(BµBν) + (dxµ ^ dθ)([Bµ, ])− 12 (dθ ^ dθ)(f, g).
(3.5)
Now the horizontality restrictions in (3.3) imply the following
∂µ− ∂θ¯Bµ + [Bµ, ] = 0, ∂θ¯ + 12 f, g = 0,
∂µBν − ∂νBµ + [Bµ, Bν ] = ∂µAν − ∂νAµ + [Aµ, Aν ]. (3.6)
The rst two relations in the above equation lead to the following expressions for the
auxiliary elds in terms of the basic elds of the Lagrangian density (2.1)
Rµ (x) = Dµ C(x), B = −12 C  C, [B, C] = 0, (3.7)
and the last relationship (with ~Fµν = ∂µBν − ∂νBµ + [Bµ, Bν ]) yields
~Fµν = Fµν + θ (DµRν −DνRµ)  Fµν + θ Fµν  C, (3.8)
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where we have used DµRν = ∂µRν + [Aµ, Rν ], Rµ = DµC, [Dµ, Dν ] C = Fµν  C. The
total antisymmetric property of fabc in a, b, c allows one to trivially check that the kinetic
energy term of the Lagrangian density (2.1) remains invariant under transformation (3.8)
(i.e. −1
4
F µν  Fµν = −14 ~F µν  ~Fµν). It is obvious from equation (3.7) that the horizontality
restriction (3.3) does not x the auxiliary eld B(x) = (BaT a)(x) in terms of the basic
elds of the Lagrangian density (2.1). However, it has been shown [5,6] that the o-shell
nilpotent BRST- and co-BRST symmetries can be derived if we linearize the kinetic- and
gauge-xing terms of (2.1) by invoking two auxiliary elds B and B in the following way
LB = B  E  12B  B + (∂ρAρ)  B  12B  B − i∂µ C DµC, (3.9)
which shows that B = −(∂ρAρ) k. Thus, the super expansion in (3.1) can be re-expressed,
in terms of the expressions for the auxiliary elds in (3.7) and B = −(∂ρAρ), as
Bµ(x, θ) = Aµ(x) + θ (DµC)(x)  Aµ(x) + θ (sbAµ(x)),
(x, θ) = C(x)− 1
2
θ (C  C)(x)  C(x) + θ (sbC(x)),
(x, θ) = C(x)− i θ (∂ρAρ)(x)  C(x) + θ (sb C(x)).
(3.10)
With the above expansions as inputs, the on-shell nilpotent BRST symmetries in (2.2) can
be concisely expressed in the language of superelds as
sb Bµ = ∂µ + (Bµ  ), sb  = − 12( ), sb  = −i (∂µBµ). (3.11)
In fact, in the above three transformations, the rst one yields sbAµ = DµC, sbC = −12CC;
the second produces sbC = −12C  C and the third leads to sb C = −i(∂µAµ) in terms of




Bµ(x, θ) = [Qb, Aµ], i
∂
∂θ
(x, θ) = fQb, Cg, i ∂
∂θ
(x, θ) = fQb, Cg, (3.12)
which shows that the conserved and on-shell nilpotent BRST charge Qb (that generates the
BRST transformations (2.2)) can be geometrically interpreted as the generator of transla-
tion ( ∂
∂θ¯
) along the Grassmannian direction θ of the supermanifold. This clearly establishes
the fact that the horizontality condition w.r.t. the super covariant derivative ~D = ~d+ ~A (in
~F = ~D ~A = DA = F ) leads to the derivation of the on-shell nilpotent BRST symmetries for
the non-Abelian gauge theory and it plays an important role in providing the geometrical
interpretation for the BRST charge Qb on the (2 + 2)-dimensional supermanifold.
4 On-shell nilpotent co-BRST symmetry: superfield approach
It is clear from our earlier discussions that F = DA = dA + A ^ A denes the two-
form curvature tensor on an ordinary compact manifold. The operation of an ordinary
‖It is interesting to note that B = (∂ρAρ),B = E are allowed in (3.9) without changing anything
in the o-shell nilpotent BRST (~sb)- and co-BRST (~sd) symmetry transformations: ~sbAµ = DµC, ~sb C =
iB, ~sbB = 0, ~sbC = − 12C  C, ~sbB = B  C, ~sbE = E  C, ~sb(∂ρAρ) = ∂ρDρC and ~sdAµ =−εµν∂ν C, ~sdC = −iB, ~sdB = 0, ~sd C = 0, ~sdB = 0, ~sd(∂ρAρ) = 0, ~sdE = Dµ∂µ C, ~sd(Dµ∂µ C) = 0.
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co-exterior derivative δ = −  d on the one-form A = dxµAaµT a leads to the denition of
the gauge-xing term (i.e. δA = ∂µA
µaT a). Interestingly, the operation of the covariant
co-exterior derivative Ω = − D on the one-form A leads to the same gauge-xing term.
This can be seen (with (dxµ) = εµν(dxν), (dxµ ^ dxν) = εµν , A = εµν(dxν)Aµ) as follows
ΩA = −  (d + A)  A = −  d(A)− (A ^ A) = ∂µAµaT a, (4.1)
where the total antisymmetry property of the fabc plays an important role in proving
Aµ  Aµ = 0. In the simplest way, this statement can be veried by noting that: DµAµ =
∂µA
µ + Aµ Aµ = ∂µAµ which is, in essence, the reflection of (4.1).
Now we shall generalize the horizontality condition ( ~D ~A = DA) of equation (3.3) (where
(super)exterior derivative(s) ( ~d)d and (super) one-form(s) ( ~A)A play an important role) to
the case where the (super) co-exterior derivatives (~δ)δ operate on (super)one-form(s) ( ~A)A
to dene a (super)scalar. Thus, the analogue of the horizontality condition w.r.t. (~δ)δ is
~δ ~A = δA = (∂µA
µ), δ = −  d, A(x) = dxµAµ(x), (4.2)
where, in the denition of ~δ ~A = − ? ~d ? ~A, we have to take into account
~d = dxµ ∂µ + dθ ∂θ¯, ? ~A = ε
µν(dxν) Bµ(x, θ) + dθ (x, θ), (4.3)
so that the operation of ~d on the one-form (? ~A) can exist in the chiral space. Here the
Hodge duality operation ? is dened on the (2 +2)-dimensional supermanifold. In its most
general form, this operation on the super dierentials and their wedge products, are
? (dxµ) = εµν (dxν), ? (dθ) = (dθ), ? (dθ) = (dθ),
? (dxµ ^ dxν) = εµν , ? (dxµ ^ dθ) = εµθ, ? (dxµ ^ dθ) = εµθ¯,
? (dθ ^ dθ) = sθθ, ? (dθ ^ dθ) = sθθ¯, ? (dθ ^ dθ) = sθ¯θ¯,
(4.4)
where εµθ = −εθµ, εµθ¯ = −εθ¯µ, sθθ¯ = sθ¯θ etc. The choice of (? ~A) in (4.3) is derived from
the following general expression on the (2 + 2)-dimensional supermanifold for the super
one-form ~A and the application of the ? operation (4.4) on it:
~A(x, θ, θ) = dxµBµ(x, θ, θ) + dθ (x, θ, θ) + dθ (x, θ, θ),
? ~A(x, θ, θ) = εµν(dxν)Bµ(x, θ, θ) + dθ (x, θ, θ) + dθ (x, θ, θ).
(4.5)
Taking the chiral limit (θ ! 0, dθ ! 0) of the above equation leads to the proof for the
choice of (? ~A) in (4.3). With the help of (4.4) and (4.3), the l.h.s. of the analogue of the
horizontality condition (4.2), can be explicitly written as
~δ ~A = (∂µB
µ) + sθ¯θ¯(∂θ¯ )− εµθ¯(∂µ  + εµν∂θ¯Bν). (4.6)
Application of the requirement in (4.2) allows us to set the coecients of εµθ¯ and sθ¯θ¯ equal
to zero. This restriction leads to the following relationships
Rµ(x) = −εµν∂ν C(x), B(x) = 0. (4.7)
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The other restriction, ensuing from (4.2), is ∂µB
µ = ∂µA
µ which leads to ∂µR
µ = 0. It is
evident that (4.7) automatically satises this condition. It will be noticed that the auxiliary
eld B(x) is not xed by the analogue of the horizontality condition in (4.2). However,
our argument in the context of choice of the Lagrangian density (3.9) for the o-shell
nilpotent BRST- and co-BRST symmetries, comes to our rescue. In fact, we can choose
B(x) = −E(x). Thus, the expansion in (3.1), with the results in (4.7), can be expressed as
Bµ (x, θ) = Aµ(x)− θ εµν ∂ν C(x)  Aµ(x) + θ (sdAµ(x)),
 (x, θ, θ) = C(x)− i θ E(x)  C(x) + θ (sdC(x)),
 (x, θ, θ) = C(x) + i θ (B(x) = 0)  C(x) + θ (sd C(x)).
(4.8)
The above relationships due to the analogue of the horizontality condition in (4.2) allows
one to express the on-shell nilpotent co-BRST symmetry transformations of (2.2) in terms
of the chiral superelds (4.8) as
sd Bµ = −εµν∂ν , sd  = 0, sd  = +i εµν(∂µBν + 12 Bµ Bν), (4.9)
where the rst transformation in the above equation leads to sdAµ = −εµν∂ν C, sd C = 0;
the second one yields sd C = 0 and third one produces sdC = −iE, sdE = Dµ∂µ C in the
language of the basic elds of the Lagrangian density (2.1). The equation (4.8) establishes
that the on-shell nilpotent co-BRST charge Qd geometrically corresponds to the translation
generator ( ∂
∂θ¯
) along the Grassmannian direction θ of the supermanifold as
∂
∂θ
(x, θ) = −i [(x), Qd],  = , , Bµ,  = C, C, Aµ, (4.10)
where the bracket [ , ] stands for the (anti-)commutator for the  (or corresponding )
being (fermionic)bosonic in nature.
5 Topological aspects
We have derived in Sec. 2 some of the key topological features in the Lagrangian formulation
and have shown that, modulo some total derivatives, the Lagrangian density (2.1) can be
expressed as the sum of BRST- and co-BRST anti-commutator (cf.(2.5)). In the language
of the chiral superelds, the same can be expressed, modulo total derivative ∂µX
µ, as:








Bµ Bν)  ]jco-BRST + [(∂µBµ)  ]jBRST
)
, (5.1)
where the subscripts BRST- and co-BRST stand for the insertion of the chiral super ex-
pansions given in (3.10) and (4.8), respectively and Xµ = i
2
( C  DµC + ∂µ C  C). In the








Aµ Aν) = −E. (5.2)
Mathematically, the above Lagrangian density is nothing but the θ-component of the com-
posite elds (∂µB
µ) and εµν(∂µBν+ 12BµBν) when we substitute the chiral expansions
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(3.10) and (4.8) which have been obtained after the application of the (analogue of) the
horizontality condition(s). Incorporating the geometrical interpretation for the on-shell
nilpotent (co-)BRST charges, it can seen that the Lagrangian density (2.1) corresponds to
the translation of some local (but composite) chiral superelds along the θ direction of the
(2 + 2)-dimensional supermanifold where the generators of translation are Qb and Qd.
Let us now concentrate on the topological invariants of the theory. We can provide the
geometrical origin for the zero-forms V0 and W0 of equations (2.9) and (2.10) which are
(co-)BRST invariants. To this end in mind, we note that
(  )jBRST = C  C + i θ C  (∂µAµ)− 12 θ (C  C)  C,
(  )jco-BRST = C  C − i θ E  C.
(5.3)




(  )jBRST = V0, i
∂
∂θ
(  )jco-BRST = W0. (5.4)
Mathematically, it means that the on-shell (∂µD
µC = 0) BRST invariant quantity V0 is
nothing but the θ-component of the local (but composite) chiral supereld (  ) when we
substitute for them the super expansions (3.10) that are obtained after imposition of the
horizontality condition (3.3). In the language of the geometry on the supermanifold, V0
is equivalent to a translation of the chiral supereld (  ) along the θ-direction which is
generated by the on-shell nilpotent BRST charge Qb. In a similar fashion, we can provide a
geometrical interpretation to the on-shell (Dµ∂
µ C = 0) co-BRST invariant zero-form W0.
The rest of the topological invariants (Vk, Wk, k = 1, 2) can be obtained by the following
recursion relations [5,6] that characterize the topological nature of this theory:
sb Vk = d Vk−1, sd Wk = δ Wk−1, d = dxµ∂µ, δ = i dxµεµν∂ν . (5.5)
Now we wish to provide the geometrical interpretation for the symmetric energy-
momentum tensor of the theory in the language of the translation on the four (2 + 2)-
dimensional supermanifold. In fact, it can be checked that the T (s)µν of (2.6), modulo some
total derivatives X(s)µν , can be expressed as







( [ Y (s)µν ]jBRST + [ Z(s)µν ]jco-BRST ),
Y (s)µν = ∂µ
  Bν + ∂ν  Bµ + ηµν(∂ρAρ)  ,
Z(s)µν = εµρ∂ν Bρ + ενρ∂µ  Bρ + ηµνερσ(∂ρBσ + 12 Bρ Bσ)  ,
(5.6)









ρ C  C + C DρC ]. (5.7)
It is obvious from (5.6) that T (s)µν geometrically corresponds to the translations of the local
(but composite) chiral superelds Y (s)µν and Z
(s)
µν along the
θ-direction of the four (2 + 2)-
dimensional supermanifold. These translations are generated by the on-shell nilpotent
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BRST- and co-BRST charges Qb and Qd respectively.
6 Conclusions
It is the key topological properties of the 2D self-interacting non-Abelian gauge theory in
the framework of the supereld formulation that we have concentrated on in our present
investigation. The choice of the chiral superelds and imposition of the generalized ver-
sions of the horizontality condition enable us to derive the on-shell nilpotent BRST- and
co-BRST symmetries. This feature of our investigation is dierent from the earlier attempts
to derive the o-shell nilpotent (anti-)BRST symmetries in the framework of supereld for-
mulation [20-22]. In our present discussion, the Lagrangian density (2.1) and corresponding
symmetric energy momentum tensor (2.6) play key roles. It is important for our whole dis-
cussion to derive the on-shell nilpotent (co-)BRST symmetries in the supereld formulation
because the Lagrangian density (2.1) is endowed with only these symmetries and it does
not respect anti-BRST- and anti-co-BRST symmetries. In fact, it is the existence of the
novel on-shell nilpotent co-BRST symmetry (together with the familiar on-shell nilpotent
BRST symmetry) that enable us to furnish a convincing proof of the topological nature
of the 2D self-interacting non-Abelian gauge theory in the Lagrangian formulation. This
fact is reflected in the supereld formulation in the form of the Lagrangian density and the
symmetric energy momentum tensor which turn out to be the translation of some local (but
composite) chiral superelds along the θ-direction of the supermanifold. These translations
are generated by the on-shell nilpotent (co-)BRST charges. It would be nice to generalize
our present work to 4D two-form free Abelian gauge theory where the existence of (co-)
BRST symmetries have been shown. The discussion of the 2D interacting (non-)Abelian
gauge theories in supereld formulation is another direction that can be pursued later [30].
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